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abstract : This paper deals with the development of a strategic approach for optimizing the

operation of a public transport system that considers both the user's objective and the

operator's objective. Passengers of public transport are assumed to seek minimum wait
times to conduct trips. while on the other way. operators are concerned with the efficient
operation such as minimum fleet size. The average minirnum wait time is to be achieved b1'

creating an optimal despatching policy of each vehicle from the terminal. As for efficient
operation the utilisation of vehicles should be maximised by having a minimum number of
vehicles in operation. User's and operator's objectives are optimized within certain

operational constraints such as vehicle capacity to maintain an acceptable level of service.

The rnodel is contructed in a bi-level programming form in which the user's objective is
minimized by dynamic programming and the operator's objective is minimized by

dead-heading strategy. Furthermore, an algorithm and a contrived example are developed

to solve and observe the performance ofthe approach.

I.INTRODUCTION

Public transport is defined as a public service and it should be, in general. providing
service that complies with public demand. However, in practice to create a public transport

system that would comply with the level of service which is still within the tolerance of
users may appear costly. The system may even cost more when it is related to the policy of
shifting travel demand from the private transport system to the public transport system.

There have been a lot of public transit companies that have to sacrifice their performance

or level of service due to tl.reir limited resources. or they will go bankrupt. So it should be

of primary concern that the public transport system is to be established under the

perception ofsatisfying objectives ofboth users and operators.

There has been much research aimed at partially solve the problem. Some of them try to
solve in the operator's perspectives such as optimal routing that covers the maximum
number of user's. such as Salzborn (1972) and Hurdle (1973). In a different manners some

try to solve in user perspectives such as optimal despatching policy that minimizes total
wait time. see Newell (1971). Chapman & Mitchel (1978) and Sutanto (1989). Jordan &
Turnquist (1979) for exarnple. investigated the relationship between delay at stop and

Journal of the Eastem Asia Society for Transportation Studies, Vol. 2, No. 5, Autumn, 1997



1384 Sutanto SOEHODHO and NAHRY

number of boarding passengers which is an influencing issue for scheduling. Consideration
of load factors for vehicles on each link was also analyzed by Ceder (1984), Ceder &
Wilson (1986) and LeBlanc (1988). Optimal routing strategy that minimizes the total
number of transfering passengers as well as total travel cost at network level was
intensively investigated by Sutanto (1992). However. a case can be regarding a solution to
tlre problem that considers both user's and operator's objectives. This is the aim of this
research since it is very obvious that no public transport system will be sustainable and
economically viable if it is developed based on a partial approach, such as user
perspectives or operator's perpectives only.

The ensuing sections are arranged to explain the whole concept from model development
to conclusions drawn. Section 2 indentifies problems and they are represented in the
mathematical programming form. Section 3 explains how the model developed in section 2
is solved and concluded with a proposed algorithm. To see the performance of the
proposed algorithm section 4 provides illustration with a contrived small problem. Finally
section 5 concludes the findings and directions for future research.

2. MODEL DEVELOPMENT

As already explained above, this research approaches the problem by determining both
user's objectives and operator's objectives. The concept ofoptimizing both objectives can
be comprehended by total system as illustrated by Figure 1. The system may have several
routes with different terminals and coincident terminals.

Figure l. Public Transport Routes

2.1. Minimum Wait Time

Objective function

Ifone route is detached and augmented, it consists ofseveral stops that allow passengers to
board and alight such as illustrated in Figure 2. By knowing some information on
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passenger arrival at each stop which is time dependent, and travel time of the transit
vehicle from one stop to the other, total waiting time of all passengers along the public

transit route can be minimized. This minimization problem may further be constrained by

vehicle capacity for the sake of a specific tolerable service level.

y' eo$,E2(t)

,12tr()

/r,,u, F2(r) ,/( rtr4

Figure 2. Boarding and Alighting Passengers

If f,0) denotes cumulative number of passengers which is time dependent at stop i and

/;7 denotes arrival time of i -th vehicle at stop , the total wait time of all passengers at stop

, W; can be given as;

wi=E!=t l,'i,,[r,Q)-Fi(tu-r))dt v i .....(1)

where /y' is total number of vehicles on the route.

The dispatching policy can actually be made easier if all arrival functions along the route

can be shifted to the departure point, namely terminal. This can be done if all travel times

from one stop to the next are known. If Al1 shows travel time from stop /c to the next. the

shifted total arrival functions can be given as;

F(r)= i F'(+ 'i Lti """(2\r=l l=0

where s is total number of stops.

By having the formulae given in equations (l) and (2) the optimal policy of vehicle

departure can be made as illustrated in Figure 3. The policy is supposed to create vehicle

departure that minimizes total wait time of all passengers, or in other words to minimize

the area between arrival function and departure step function shown in Figure 3.

ti : Departure Time of
the i{h vehicle

Figure 3. Optimal Strategy of Vehicle Departure
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Constraint

Once the objective function of minimizing total wait time is determined the next step is to

determine the above-mentioned constraint that relates to the achievement of the specihed

service level. One of the most common indicators of passenger's preference to use public

transit is a guarantee of having a seat. It is then necessary to limit number of passengers to

the vehicle capacity. Cl. To know the number of passengers a board of vehicle is easy when

the lumber of alighting and boarding passengers at each stop is known. These numbers can

be determined wheu O-D transition probability of travelling passengers at each stop is

given. If R7 denotes the O-D transition probability of travelling passengers from stop to

stop / , the total number of passengers on board of vehicle i at stop i can be formulated

AS;

Di(t) = D;1(t1+ Lt11)+ Fi(t1+ Lto)- Ei(ti "' (3)

Where E;(ri) denotes number of alighting passengers at stop i from vehicleT is given as;

Ei\t ) =Zt-t1 R,[F i(tr) - FiU,.t-r)'''' (4)

and t;7 is arrival time of vehicle i at stop i
as to redefine equation (3) as follows;

IlR;1=1 V r """'(5)

It is clear that the constraint sought is similar

DiQ)<(' Y i;i .. ..(6)

Colsidering the objective function and its constraint. the optimal scheduling of vehicles to

serve the passengers within a certain frequency or ttumber of vehicles can be rewritten as

(Sutanto, 1989);

M i n Zl ii = E i 2 i l,:,',,,]F,{r) - F,(t i))d " " "' (7 a)

Subject to.

Di(tj)<C V i;i .......(7b)

t1 < t2 1....... </.r, =T """' (7c)

where. ly' is total frequency or number of despatching vehicles on the route and I is time

period of schedule block under consideration. It is shown further by Sutanto (1989) that

such optirnization problern can be solved efficiently by Dynamic Programming (DP).

Headway of vehicle. namely s.j , can be chosen as decision variables, while the stage

corresponds to each dispatched vehicle and state variables, namely Qt1 , are the time
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interval between the beginning of time period of interest and the .7 th despatch. The

recursive relationship of this problern in the dynamic programming solution is given by,

r i(Q) = Minqlr.i-t(Qi-r) +.fibi) . . ... (8)

where r/Q1 is the minimum wait time for.i vehicles from the first, andl(s'7) is the wait

tirne for the.i th vehicle. The state of dynamics is given by,

Qi= Qit +s; ....... (9)

2.2. Optimal Fleet Size

By this end the problem of setting optimal scheduling is obtained. It is, however. an

optimality achieved when only the user's objective is considered in which the number of
vehicles (fleet size) may not necessarily be optimal. It is then the next search to be found
that when all time departures of vehicles are set for each route, is it possible to obtain the

least number of vehicles in use by arranging the vehicle movements from one route to the

other and so forth. In other words the model is going to be developed further by
accomodating the possibility of interlining and deadheading.

Problem Definition

If timetables of arrivals and departures of all routes are obtained, they may comprise of
certain required number of vehicles. The problem to be solved further is how to develop

chains of passages from those timetables that minimizes the fleet size.

Definitions

The problem stated above is quite straight-forward and can be represented in a optirnal
network problem. A bipartite network can be developed which contains two sets of nodes.

One node set is supposed to comprise of arrival times, and the other node set cornprises of
departure times. By this representation it is possible to use Maximum Cordinality Matching
(MCM) method to solve. However, prior to proceeding to the solution several definitions
need to be clarified such as followings;

l. Passage isa4tuple p = (pr.pz.ltt,ttt)
1) 1 .p2 represent terminals of departure and anival respectively

pt.pq are real numbers such that 0 < p., < pt

7r3 is the departure time (from p I )
p,r is the arrival time (to pz)

2. A Chain is a finite or infinite sequence of passages which might be performed by one

vehicle.

i. A Fleet is a partition of the schedule ir-rto charns.
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4. Bipartite Network is a network whose node set {X} can be partitioned into two subsets

lX' \ &{,f'} such that no link in the network joins two nodes in the same subset.

5. A Matching is any set of links in a network such that each node of the network is

incident to at most one link in this set.

6. Maximum Cardinality Matching is a matching that contained the greatest possible of
links.

Problem Formulation

The problem offinding the efficient chains ofpassages can be modeled as the problem of
finding MCM from a bipartite network whose subsets represent arrival and departue time.

The bipartite network (BN) consists of two subsets {X} and {)l'} , where {X/} and {Jf'}
denote arrival and departure time respectively.

A link in BN represents two passages that could form a chain.

Two nodes i and i (i etX|,.i€ {,f'}) can be joined if the arrival time is earlier than

departure time such as;

{(,,.t) lp:i > p+iY i,i} if P2i=Pti
BN(X|.X',\ =

t(i,.illpti2pti+tiiY i,.il if pzi+pr' .......(10)

where.
(i..i) = a link which connect node I and i
1 ii deadheading time from pzi to P ii

The former condition (pli>pci is used for chain which permits no - deadheading trips,

wlrile the latter case (pti 2 p+i+ /;7) is for dead-heading trips.

Solution

Since a couple ofnodes in the bipartite network could form a chain and the objective ofthe
original problem is to minimize fleet size, it is necessary to maximize number of couples

of nodes. In order words, the problem of minimizing lleet size can be solved by MCM.

In this research the MCM rnethod that solves the particular problem of minimum fleet size

is developed within the nature of maximurn flow algorithm. Furthermore, the algorithm is
developed in the followirlg steps:

Step l. Direct all possible links from subset {X/} to i)f'} to form bipartite network (BA).

Step2. Construct BM as follows;
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a) Using such BN create a source node and connect the source to each node

e ,,x,|

b) Create a sink node , and connect the sink to each node e {X'}
c) Let each link capacity equal I and initial flow

./(i.j) = 0. .(s.,) = 0, .fli,t) = 0' V ,'j

Step 3. lf fl4D <C(i,.i), let (i,7) e 1 (lncreasable Link)

If./(i,7) > 0, let (i,7) e rR (Reducible Link)

Step 4. Perform augmented flow algorithm on set 1 and R as follows;
a) Label node
b) Label the links and nodes in sequence according to the following rules until

node , has been labeled or no further labeling is possible :

- Ifnode x is labeled and node y is not labeled, then node y and link (x,1)

can be labeled in any of the following;
* if (x,y) e .I then node y and link (x,y) can be labeled.
* if (y, x) e R then node y and link (x,y) cannot be labeled

- If node / has been labeled, then there exists a unique chain of labeled link
from to ,

This chain is a flow augmenting chain and return to Step 3. Otherwise, if r

remains unlabeled after the algorithm terminates, then no flow augmenting chain

exists from s to t ;Stop. The current flow will show that each link carries either
one flow unit or no flow units.

The links from {X/} to [f'] in BNt that carry one flow unit correspond to a matching in

BN . Figure 4 illustrates further how the algorithm developed above solves the bipartite
network.

The explanation above completes the model of minimizing fleet size or maximizing vehicle
utility which is the concern of operator. Minimizing the fleet size is made possible by

.leveloping proper coordination between arrivals and departures of vehicles among routes

such as interlining and dead-heading.

2.3. User-Operator Based Model

Having two objectives from different perspectives, the next step is to re-define both into
one objective function with certain weights and constraints. Since both objectives are to be

minimized. the so called user-operator based model is easily re-defined as following
mathematical programming;

Min Z(Zl,Z2) = aZl +PZ2 ...(ll)
or

Min i.i,Z(W,FS)=crlXiZ,lf ,f ,1t1-Fi(ti)ldt + FFSIDI(r) .....(l2a)
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Ani\nl & Deparlnre Titrf, d.la

Subjectto Di(t)<C Y i;.i ............. (l2b)
t 1 < t2 1..'.... < /.,v = T ....... (l2c)
TD1^, >-TAiri Y k = I ...'... (l2d)

TDruu,)-TAiri+ton.*r Y k*l ....'. (12e)

Figure 4. Modified Maximum Cardinality Matching Algorithm

Where FSIDH(r)) denotes the number of f'leet size that can be minimized by deadhead

conditions, DH(r), as function ofroute r given in equation (l2d) and (l2e). ct and pdenote

the weights of each component of objective function.

3. THE PROPOSED ALGORITHM

The mathematical programming given in equations (12)'s can be solved efficiently by
iterative bi-level procedure that combines the solution of optimal schqduling by dynamic
programming and the solution of optimal fleet size determination via deadhead by
modified maximum cardinality method developed in the prior sections. Furthermore.
Figure 5 illustrates the iterative flow of problem solving for the problem. The algorithrr
developed works with objective function determined in equation (12). Optimal scheduling

of vehicles for each route is solved by using the dynamic programming. Results of such
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scheduling prodrrce a set of vehicle arrivals and vehicle departures in which at the first
iteration stated as initial condition. Starting with this initial condition an optimization
process which minimizes fleet size follows. The process may have to minimize the number

of vehicles by changing the value of wait time either in decreasing or increasing manner.

and whether it makes the objective function worse-off or better-off, further settings to

schedule are up-dated. The process continues until it converges to no better value of
objective function.

Figure 5. Flowchart of Problem Solving

4. EXAMPLE

Problem
To see how the proposed rnodel can be applied contrived example is developed as follows.
A depot T is supposed to have 3 rounding routes namely TA/AT (route I ), TB/BT (route 2)

and TC/CT (route 3) as illustrated by Figure 6.

Tirne and/or DH Trips

N=Nrnix
f= update f
wT: update wT

N- DllOnll >N ntix

Set:
N:N tleadhead only
t:f initial
WT = WT initial
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Figure 6. Example of Three Public Transit Routes

Functions ofpassenger amival at each stop ofthe route are given as followsl

Route I (TA Direction)

0 0<t<2
Fr(r) = #tr-zl 2< t <62

l5 t> 62

0 0</<5
F2Q1=",4{r-s) 5<t<65

20 r>65

with O-D Transition Probability

O\D2A
r 0.6 0.4

2 - 1.0

Route 2 (TB Direction)

0 0<t<4
F(t)= Str-+l 4<t<64

15 t> 64

Route I (AT Direction)

0 0<r<5
F1(r) = str- sl' 2< t <65

15 t> 65

0 0<t<2
F2Q)= f;Q-z)'2<t<62l0 t>62

O\DIT
2 0.5 0.5

I - 1.0

and link travel time L,ts = 2r . N 1 = 3r . L,lz - 2l

Route 2 (BT Direction)

0 0<t<2
Fr(r)= f;{t-z)' 2<t<62

t2 t>62
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0 0<t<6 0 0<t<4
F2g)=ifitr-ol 6<t<66 F2(t'1= *L,tt-+l' 4<t<64

20 t>66 12 t>64

with O-D Transition Probability;

O\D2 B
l 0.4 0.6
2 - 1.0

and link travel time Lto = 4r ,6r, - U'

O\DIT
2 0.75 0.25
I - 1.0

Route 3 (TC Direction) Route 3 (CT Direction)

0 0<t<2 0 0<t<6
F1(r)='i,<,-zl 2<t<62 Fr(r)= *t*{t-+)'7 6<t<66

20 t>62 l0 t> 66

with O-D Transition Probalility;

O\DI C O\DI T
l-1.01-1.0

and link travel time Lts =lr ,Ltt - a1

While deadhead trip times are given as follows;

Table 1. Deadhead Trip Times

and weight values such as a = 0.01, 9 = 2.0

Assienment

Find the best scheduling that minimizes the objective function determined in equation (13)

in which total waiting time and number of fleet size are the control variables. Deadheading

and interlining (deadhead with zero deadhead time) are allowed.

O\D T A B C

T 2 ') 3

A 1 I ')

B ) I 2

C J 2 2
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Step I.
The problern is firstly solved through finding the optimal departure time of each vehicle
from the terminal. This is done by utilizing the dynamic programming approach as

explained above in the proposed algorithm, in which the results are further used as initial
conditions. A summary of such results is given in the fbllowing table;

ROUTE tl t2 t3 WAIT TIME
(minutes)

I. TA
AT

20'

42.s',

40'

60'

6:' 450'
274.13',

I. TB
BT

20'

40'

40'

60'

u: 3 83.4',

266.67',

II. TC
CT

30'

60'
u: 300'

200'

Iotal Wait Tirne t874.2'.

Table 2. Initial Time Schedules & Wait Times

This schedule scenario which allows no-DH results in 6 vehicles (fleet size) in operation
(based on MCM's solution) , total wait time of 1874.2'and objective function value of
30.74 (rnonetary unit). Figure 7 shows the timetable produced by the initial condition.

10r 20, 30, 40, 501 60, 70, 80, 90r 10q

rrt
^r,

fzo,
E

425 495

,H*
*F*

*Ep,,,
|-21

sz u!s-lz4p zs"

JFTT*

*E*
fT

60 l-J ee

*E"
,E_

TA

AT

TB

BT

TC

CT

Figure 7. Initial Timetable

Step 2.

Setting time-table and chain of passages. This step is done to seek the possibility of having
interlining and/or deadheading vehicles without shifting departure time. This problem is
solved by using proposed algorithm in maximum matching of deadheads. In this example a
set of matching between subset of departure times and subset of arrival times is made with
the following results;
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Matchins Chain of Passases

I. TAI - ATI
2,TA2 - AT2
3. TBI . BTI
4.T82 -BT2
5. TCI - CTI
6. ATI .TC2
7. BTI . TB3
8. TA3 (sinsle Dassase)

I. TAI . ATI - TC2
2,TA2- AT2
3. TBI- BTl - TB3
4,TB2 -BT2
5. TCI - CTI
6. TCI - CTI

Table 3. Sets of Matching & Passage Chains

This effort of matching still does not improve the objective function since no departure

time is changed so it produces same total wait time with 6 vehicles (fleet size). and

objective function value of 30.74 (monetary unit).

Step 3.
Further improvement is sought by inserting possibility of interlining and/or deadheading

that makes any shifting of departure times. This sort of departure shift is introduced when it
can improve total wait time. This step is conducted by shifting departure and consequently

repeating the procedure done in step 2 for new matching and chains of passages. Shifting

departures are done at trip T to A that the 3rd vehicle is dispatched later at 64', and trip A
to T the 2nd vehicle is dispatched earlier at 57' in which it requires additional vehicle (the

3rd one) at 69'. This 3rd vehicle is a deadhead from terminal B of aniving vehicle at 68'

(fig.7).The results are as fbllows;

Matching Chain of Passaees

I.TA2. AT2
2.T82 -BT2
3. TCl - CTI
4. AT2 -TA3
5. TAl - ATI
6. TBI - BTI
7. ATI . TC2
8. BTl - TB3

I. TA2 - AT2. TA3
2.T82 -BT2
3. TCI- CTI
4. TAl - ATI - TC2
5. TBI - BTI - TB3 (+ AT3A)

Tabte 4. Improved Sets of Matching & Passage Chains

This scenario, for the given small example, slightly increases the total wait time from
1874.2'to 1932.4'. but subtantially decreases the fleet size from 6 vehicles to 5 vehicles.

These changes have consequently improved the value of objective function from 30.74 to

29.32 (rnonetary unit). The relative value of improvement achieved in this example may

appear insignificant. However, the absolute value is quite meaningful, and such a situation

lnay evetl be of greater significance when the real-world problem of a transit system with a

large number of vehicles is considered. Furthermore. the results can be summarized in the

following table;
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Policy Total Wait Tirne
(minutes)

Fleet Size

(vehicles)
Objective Function

(monetary unit)

1. Initial Condition 1.814.2 6 30.74

Interlining 1.874.2 6 30.74

3. Interlining +
Sliift Departure Time
+Deadheading

t.932.4 _5 29.32

Table 5. Summary of Various Policies in The Proposed Model

5. CONCLUSIONS

An optimization model tbr public transit operation is developed in this research. The
proposed model represents the problenr on the basis of both user's and operator's
objectives. Users are considered to minimize their total wait time, while operators are in
general trying to minimize their cost of providing the total number of vehicles or fleet size.

Comfort of passengers in the vehicle is also considered and exposed as constraint of which
the total number ofpassengers in each vehicle should be less or equal to vehicle capacity.

The model is lbrmulated in a rnathematical programming with objective function that
r.ninimizes both total wait time and total number of vehicles in operation. This objective
function is further constrained by certain load factor for comfort and other conservation of
time schedule. An algorithm is also developed to solve the problem which is based on a
bi-level optimization approach. The optirnal schedule that minimizes total wait time is
solved by using dynamic programming. while the minimum number of vehicles in
operation is determined by using modified maximum cardinality matching method. The
two methods interact within the algorithm developed and converge to a certain optimal
value of ob.iective function. Computation experience upon small contrived problem shows
that the proposed model cor.rld solve the problern efficiently.

The capability to representing more realistic assumptions is introduced by the proposed
r.r'rodel. Several design paramaters in the model are easy to tesl for elasticities between
supply and demand. Furthermore, it is expected that the model is to be developed in a large
scale package and possibly to include stochastic characteristics. This development rnay
improve the model substantially and increase the acceptance within the public transit
properties.

REFERENCES

Ceder. A (1984) Bus Frequency Determination Using
Transportation Research l8A, No. 5/6.
Ceder. A. and Wilson, N H M (1986) Bus Network Design.
20B, N0.4.

Passenger Count Data.

Transportation Research

Joumal of the Eastern Asia Society for Transportation Studies, Vol. 2, No. 5, Autumn, 1997



User-Operator Based Model for Optimal Scheduling of Public Transport Systems 1397

Chapman, R A and Michel, J F (1978) Modelling The Tendency of Buses to Form Pairs.

Transportation Science, Vol. 12, No. 2.

Gersbach.l. and Gurevich, Yu. (1977) Constructiong an Optimal Fleet for a Transportation
Schedule. Transportation Science, Vol.l l, No.l.
Hurdle. V F (1973) Minimum Cost Schedules for a Public Transportation Route.

Transportation Science, Vol. 7.

LeBlanc, L J (1988) Transit System Network Design. Transportation Research 22B '
No.5.
Minieka, Edward (1978) Optimization Algorithms for Networks and Graphs. Marcel
Dekker.lnc., New York-Basel.
Newell. G F (1971) Dispatching Policies for a Transportation Route. Transportation
Science, Vol.5, No. l.
Salzbom, F J M (1972) Optimum Bus Scheduling. Transportation Science, Vol. 6, No. 2.

Sutanto, S (1991) Supply Model for Common Bus Routes Under Deterministic Conditions.
Proceedings ofJSCE - Japan, No. 431, IV-15.
Sutanto, S (1992) Reconnection of Routes in Designing Optimal Bus Network.
Proceedings of The 47th JSCE Annual Conference - Japan.

Joumal of the Eastem Asia Society for Transportation Studies, Vol. 2, No. 5, Autumn, 1997


